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Classical communication capacity of a channel can be enhanced either through a device called
a ‘quantum switch’ or by putting the channel in a quantum superposition. The gains in the two
cases, although different, have their origin in the use of a quantum resource, but is it the same
resource? Here this question is explored through simulating large sets of random channels. We
find that quantum superposition always provides an advantage, while the quantum switch does not:
it can either increase or decrease communication capacity. The origin of this discrepancy can be
attributed to a subtle combination of superposition and non-commutativity.
I. INTRODUCTION
In spacetime, events A and B can be in three causal
relations: either A is before B, B is before A, or A and
B are causally separated, i.e. they lie on a spacelike
interval. Quantum mechanics admits causal structures
that do not correspond to any of these cases. Heuristi-
cally, this can be pictured as putting the order between
A and B in a quantum superposition. More precisely,
several approaches to indefinite causal orders have been
proposed using ‘process matrix’ or ‘quantum switch’ [1–
6]. In a recent article, Ebler et al. argue that quantum
control on causal order is a non-trivial resource that pro-
vides a non-classical communication advantage, i.e., two
noisy channels in a quantum switch can transmit more
information than any of these channels individually [7].
The exact origin of this advantage is open to debate. Ab-
bott et al. submit that the one-pass quantum superposi-
tion of two channels, without the indefinite causal order,
already leads to a similar result [8]. This position has re-
cently been supported in a different mathematical setting
by Allard et al. [9]. After introducing basic mathemat-
ical concepts in Section II, we explore the controversial
origin of this advantage in Section III by simulating large
sets of random channels. In Section IV, we argue that,
for the quantum switch, the advantage has its origin in
two separate factors. One is quantum superposition; the
other is non-commutativity of the Kraus decompositions
of the channels. A combination of these factors can be
significantly more beneficial than the advantage gained
from the superposition alone, but in other cases it can
also be much less advantageous. When the indefinite
causal order is realized through a quantum switch, the
gain provided by this resource is essentially due to this
combination.
II. MATHEMATICAL FRAMEWORK
A quantum system going through a quantum channel
is modelled by a completely positive trace preserving lin-
ear map on its state space H. Any such map C can be
represented by a set of Kraus operators {Ki} ⊂ L(H)
such as [10–12]:
C(ρ) =
∑
i
KiρK
†
i and
∑
i
K†iKi = 1. (1)
This decomposition is not unique: if C and C′ have Kraus
operators {Ki} and {K ′i} respectively, then C implements
the same channel as C′ if and only if there exists a unitary
operator u such as:
Ki =
∑
j
uijK
′
j . (2)
A quantum switch C0 ./ C1 between channels C0 and
C1 is a new channel that puts in a superposition two
differently ordered compositions C0◦C1 and C1◦C0 (Figure
1). It acts on Hc ⊗ Ht, where c stands for control and
t for target. The target is a system that passes through
the channels, while the control is a qubit in a generic
pure state α |0〉 + β |1〉 , α2 + β2 = 1, which determines
the order of passage:
(C0 ./ C1) |ψ〉 =α |0〉c ⊗
(
C0 ◦ C1 |ψ〉t
)
(3)
+ β |1〉c ⊗
(
C1 ◦ C0 |ψ〉t
)
.
For example, the Kraus operators of C0 ./ C1 controlled
by |+〉c = 1√
2
(|0〉+ |1〉) are:
Vij = |0〉〈0|c ⊗K1iK0j + |1〉〈1|c ⊗K0jK1i , (4)
where K0i and K
1
j are the Kraus operators of C0 and C1
respectively.
Somewhat paradoxically, classical information can be
transmitted though a quantum switch between two to-
tally depolarizing channels. To see this, define the Holevo
capacity of a channel as χ(C) = max{pa,ρa} I(A;B)ν ,
where {ρa} are the possible inputs of the channel with
probabilities pa and I(A;B)ν is the quantum mutual in-
formation calculated on the state ν =
∑
a pa|a〉〈a|A ⊗
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FIG. 1. Quantum circuit representing the quantum switch.
Target system |ψ〉tin passes through C0 ◦ C1 and C1 ◦ C0 in a
superposition determined by control qubit c. (A): the control
is in state |0〉c and the target passes only through C0◦C1. (B):
the control is in state |+〉c and the target passes through the
balanced superposition of C0 ◦ C1 and C1 ◦ C0.
C(ρa)B [13]. The Holevo capacity of the quantum switch
between two totally depolarizing channels acting on a
qubit is non-zero: χ = − 83 − 58 log2 58 ≈ 0.05 [7].
However, a similar advantage occurs if the channels are
put in a superposition (Figure 2). The one-pass super-
position C0  C1 is defined as:
(C0  C1) |ψ〉 = α |0〉c ⊗ C0 |ψ〉t + β |1〉c ⊗ C1 |ψ〉t . (5)
The Kraus operators of a superposition controlled by |+〉c
are:
Wij =
1
2
|0〉〈0|c ⊗K0i +
1
2
|1〉〈1|c ⊗K1j . (6)
(A)
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FIG. 2. Quantum circuit representing the one-pass superpo-
sition of C0 and C1. Target system |ψ〉tin passes through C0
and/or C1 in a superposition determined by control qubit ρc.
(A): the control is in state |0〉c and the target passes only
through C0. (B): the control is in state |+〉c and the target
passes through the balanced superposition of C0 and C1.
Building on the work of Gisin [14], Abbott et al.
showed that C0  C1 has a greater Holevo capacity than
C0 ./ C1 if C0 and C1 are totally depolarizing. They com-
puted a lower bound χ(C0  C1) ≥ 0.16 [8].
III. RESULTS
A. Composition of two channels
The indefinite causal order provides an indisputable
advantage in terms of Holevo capacity but this advan-
tage is not systematic. To explore this situation, we ran-
domly generate pairs of quantum channels C0 and C1 and
numerically compute Holevo capacities of C0 ./ C1 and
C0  C1.
A random channel C is generated by a random set of
Kraus operators. To obtain the latter, we generate a ran-
dom set of unitary matrices Ui and a random set of co-
efficients ci constrained by
∑
i c
2
i = 1. Then, Ki = ciUi.
The whole space of quantum channels is well sampled
because any set of operators that verify
∑
iKiK
†
i = 1
defines a quantum channel.
Holevo capacity χ(C) is computed by assuming that
there exist two possible input pure states with probabil-
ities p and 1− p. The corresponding optimization prob-
lem has three free parameters and can be solved using a
Nelder-Mead method [15].
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FIG. 3. Comparison of Holevo capacities of the quantum
switch and one-pass superposition. Each data point corre-
sponds to a couple of randomly generated quantum channels.
Holevo capacities are estimated numerically.
Figure 3, generated on two sets of 500 channels each,
shows the absence of any obvious correlation between
χ(C0 ./ C1) and χ(C0  C1). After three such runs,
the average ratio χ(C ./ C)/χ(C0  C1) is stable around
0.9, meaning that on average the one-pass superposition
provides a slightly better advantage than the quantum
switch.
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FIG. 4. Comparison of Holevo capacities of the quantum
switch and the one-pass superposition for different implemen-
tations of 50 randomly generated channels. Each line corre-
sponds to 10 different implementations of channel C. χ(CC)
depends on the implementation, while χ(C ./ C) is indepen-
dent of it.
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FIG. 5. Comparison of Holevo capacities of self-switch and
self-superposition of a quantum channel. Holevo capacity al-
ways increases in the latter case but no such regularity exists
in the former.
B. Self-composition
To study the combination of a channel with a copy
of itself, we set C0 = C1 = C. Figure 4 shows that
χ(C  C) depends on the implementation of the channel,
while χ(C ./ C) does not. Here, 50 random channels were
generated, each with 10 different random implementa-
tions using the freedom in the Kraus representation (2).
Figure 5, generated on 500 random channels, provides
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FIG. 6. Comparison of Holevo capacities of the quantum
switch and the one-pass superposition of a random channel C
combined with a totally depolarizing channel N . Each data
point corresponds to random C. Dotted lines are linear func-
tions with the slope 1 and 1/2.
a comparison between the Holevo capacities of self-switch
and self-superposition. The latter always increases chan-
nel capacity: χ(C) < χ(C  C), while this is not true for
the former, as proved in the next section. The picture
remains the same with the increase in the number of par-
ties: extended to the 3-switch [16], this simulation leads
to a similar result.
To make sure that this effect is not only due to self-
switching, we explore the Holevo capacity of a composi-
tion between a random channel and a totally depolariz-
ing channel N with Kraus operators {12 , σx2 , σy2 , σz2 } (Fig.
6). All the generated channels verify χ(C)/2 < χ(CN ),
whereas the quantum switch does not.
IV. DISCUSSION
To study the discrepancy between the capacities of the
superposition and the quantum switch, note that the one-
pass superposition acts as:
(C  C)(ρ) = 1
2
(
C(ρ) ∑i,j KiρK†j∑
i,j KiρK
†
j C(ρ)
)
, (7)
where {Ki} are the Kraus operators of C. To prove χ(C
C) ≥ χ(C), define a channel P acting on Hc ⊗ Ht with
Kraus operators {Pm} = {|m〉〈m|c ⊗ 1t}.
∑
m PmP
†
m =
1ct, hence P is trace-preserving. It acts as:
P ◦ (C  C)(ρ) = 1
2
(C(ρ) 0
0 C(ρ)
)
. (8)
Therefore, H(P ◦ (C  C)(ρ)) = H(C(ρ)) and χ(P ◦ (C 
C)(ρ)) = χ(C(ρ)). Since a channel can only lose informa-
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FIG. 7. Gain of the quantum switch χ(C ./ C)/χ(C) compared
to the commutativity of Kraus decomposition Q(C) on a set
of 1000 random channels. The gain of the quantum switch of
C appears to be constrained by the degree of commutativity
of its Kraus operators: 95% of the 1000 points are in the cone
of aperture 1/4 (dashed line).
tion between the input and the output, χ(P ◦ (C  C)) ≤
χ(C  C), hence χ(C) ≤ χ(C  C).
The quantum switch acts as:
(C ./ C)(ρ) =
1
2
(
C(C(ρ)) ∑i,j KiKjρK†iK†j∑
i,j KiKjρK
†
iK
†
j C(C(ρ))
)
. (9)
When its action lowers the communication capacity of
C, the likely origin of this effect has to do with the loss
of information in diagonal terms C ◦ C. When, on the
contrary, the quantum switch yields an advantage over
the superposition, the origin of this advantage belongs
with non-diagonal terms. Heuristically, the non-diagonal
terms in (9) are more versatile than the non-diagonal
terms in (7), explaining the behaviour of the switch in
Figure 5. The following argument provides evidence for
the observation, made by Ebler et al., that an advantage
occurs when the Kraus operators do not commute [7].
Note that the self-switch C ./ C is not the same channel
as the superposition (C ◦ C)  (C ◦ C). If C has Kraus
operators {Ki}, then the Kraus operators of C ◦ C are
{KiKj}. Inserting this in (7), one obtains a matrix with
four identical elements. To make the comparison more
vivid, we write it as:
((C ◦ C) (C ◦ C))(ρ) =
1
2
(
C(C(ρ)) ∑i,j KiKjρK†jK†i∑
i,j KiKjρK
†
jK
†
i C(C(ρ))
)
, (10)
which is different from (9) if {Ki} do not commute.
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FIG. 8. Advantage χ(C ./ C)/χ(C ◦ C) as a function of Q(C),
the degree of commutativity of the Kraus decomposition. If
the Kraus operators nearly commute, then the Holevo capac-
ities are similar. If they do not commute, then the effect of
the indefinite causal order gets stronger.
To see the effect of such non-commutativity, define:
Q(C) =
∑
i,j
Tr
(
[Ki,Kj ][Ki,Kj ]
†) (11)
= 4− 2Tr
∑
i,j
KiKjK
†
iK
†
j .
Q(C) is independent of the Kraus decomposition of C.
Figures 7 and 8, generated on a set of 1000 random
channels, show that the spread of χ(C ./ C)/χ(C) in-
creases with Q. If {Ki} almost commute and Q is small,
then the effect of the indefinite causal order is also small:
the Holevo capacity of the quantum switch is close to
the Holevo capacity of the superposition. On the con-
trary, when Q is high, the effect of the indefinite causal
order is strong: the Holevo capacity of the quantum
switch is dominated by this non-commutativity and the
non-diagonal terms of (9) are larger than the diagonal
ones. Note that the same argument is valid for the 3-
switch. This illustrates an intricate interplay between
two non-classical factors leading to an advantage in com-
munication capacity: quantum superposition and non-
commutativity. Quantum switch seen as a resource can-
not be reduced to any one of these.
5[1] O. Oreshkov, F. Costa, and Cˇ. Brukner, Quantum corre-
lations with no causal order, Nature Communications 3,
1092 (2012).
[2] G. Chiribella, G. M. DAriano, P. Perinotti, and B. Val-
iron, Quantum computations without definite causal
structure, Physical Review A 88, 022318 (2013).
[3] L. Hardy, Towards quantum gravity: a framework for
probabilistic theories with non-fixed causal structure,
Journal of Physics A: Mathematical and Theoretical 40,
3081 (2007).
[4] M. Arau´jo, C. Branciard, F. Costa, A. Feix, C. Giar-
matzi, and Cˇ. Brukner, Witnessing causal nonseparabil-
ity, New Journal of Physics 17, 102001 (2015).
[5] G. Chiribella and H. Kristja´nsson, Quantum Shannon
theory with superpositions of trajectories, Proceedings
of the Royal Society A: Mathematical, Physical and En-
gineering Sciences 475, 20180903 (2019).
[6] I. Ibnouhsein and A. Grinbaum, Information-theoretic
constraints on correlations with indefinite causal order,
Phys. Rev. A 92, 042124 (2015).
[7] D. Ebler, S. Salek, and G. Chiribella, Enhanced com-
munication with the assistance of indefinite causal order,
Phys. Rev. Lett. 120, 120502 (2018).
[8] A. A. Abbott, J. Wechs, D. Horsman, M. Mhalla, and
C. Branciard, Communication through coherent control
of quantum channels, arXiv:1810.09826 (2018).
[9] P. A. Gue´rin, G. Rubino, and C. Brukner, Communica-
tion through quantum-controlled noise, Phys. Rev. A 99,
062317 (2019).
[10] M.-D. Choi, Completely positive linear maps on complex
matrices, Linear Algebra and its Applications 10, 285
(1975).
[11] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
New York, NY, USA, 2011).
[12] K. Kraus, States, Effects, and Operations. Fundamental
Notions of Quantum Theory (Springer-Verlag Berlin Hei-
delberg, 1983).
[13] A. S. Holevo, The capacity of the quantum channel with
general signal states, IEEE Transactions on Information
Theory 44, 269 (1998).
[14] N. Gisin, N. Linden, S. Massar, and S. Popescu, Error fil-
tration and entanglement purification for quantum com-
munication, Phys. Rev. A 72, 012338 (2005).
[15] J. A. Nelder and R. Mead, A simplex method for function
minimization, Computer Journal 7, 308 (1965).
[16] L. M. Procopio, F. Delgado, M. Enriquez, N. Belabas,
and J. A. Levenson, Communication through quantum
coherent control of N channels in a multi-partite causal-
order scenario, arXiv:1902.01807 (2019).
